This paper is concerned with the accurate numerical approximation of the spectral properties of the biharmonic operator on various domains in two dimensions. A number of analytic results concerning the eigenfunctions of this operator are summarized and their implications for numerical approximation are discussed. In particular, the asymptotic behaviour of the rst eigenfunction is studied since it is known that this has an unbounded number of oscillations when approaching certain types of corners on domain boundaries. Recent computational results of Bj½rstad & Tj½stheim, using a highly accurate spectral Legendre{Galerkin method, have demonstrated that a number of these sign changes may be accurately computed on a square domain provided su¯cient care is taken with the numerical method. We demonstrate that similar accuracy is also achieved using an unstructured nite-element solver which may be applied to problems on domains with arbitrary geometries. A number of results obtained from this mixed nite-element approach are then presented for a variety of domains. These include a family of circular sector regions, for which the oscillatory behaviour is studied as a function of the internal angle, and another family of (symmetric and non-convex) domains, for which the parity of the least eigenfunction is investigated. The paper not only veri es existing asymptotic theory, but also allows us to make a new conjecture concerning the eigenfunctions of the biharmonic operator.
Introduction
In recent years there has been growing interest in the spectral theory of higher-order elliptic operators. However, in contrast to the well-understood theory for secondorder operators, the higher-order theory can be quite di¬erent and is certainly less well developed. Davies (1997) contains an account of many of the key results. The purpose of this paper is to explore, using reliable and accurate numerical techniques, some of the properties of the eigenfunctions of the biharmonic operator on domains in 2 . In particular we investigate the existence of so-called nodal lines in the neighbourhood of certain corners of the domain and also how the parity of these eigenfunctions may change with domain geometry. As will become clear from the quantitative description of these problems below, this is a demanding computational task since very high numerical accuracy is required in order to resolve the phenomena under investigation.
The biharmonic eigenvalue problem typically comes in two di¬erent forms: the clamped plate eigenproblem ¢ 2 u = ¶ u (1.1) and the buckling plate eigenproblem
each on a domain « » 2 subject to appropriate conditions on the boundary @« . Throughout this paper we shall consider only the zero Dirichlet conditions u = @u @n = 0; 8x 2 @« : (1.3)
In the remainder of this introductory section we describe details of the speci c problems that are to be considered. Section 2 then contains an outline and justication of the numerical techniques, based upon the use of conforming C 0 nite elements, that are used to undertake these investigations. This is followed in xx 3 and 4, respectively, by our ndings concerning oscillations of the eigenfunctions in the neighbourhood of corners of the domain and the dependence of the parity of the eigenfunctions on the domain geometry. The paper concludes with a brief discussion of our results along with a consideration of the issues associated with the validation of numerical simulations such as these, including mesh convergence and the use of rigorous enclosure techniques.
(a) Oscillatory properties of eigenfunctions
For each of the two problems (1.1) and (1.2) it is shown in Blum & Rannacher (1980) and Co¬man (1982) that in the neighbourhood of a corner of @« with sufciently small internal angle any eigenfunction changes sign an in nite number of times. Moreover the ratio of the distance from the corner, along its bisector, of consecutive zeros of the eigenfunction tends to a limit which is dependent upon . It transpires that this ratio is an increasing function of and is such that the oscillations cease to be present when the internal angle exceeds some critical value c .
These results are special cases of more general theorems concerning higher-order elliptic operators in greater than one dimension (Kozlov et al . 1990 ). Their derivation is based upon an asymptotic expansion of the eigenfunction, u, centred at, and in a neighbourhood of, the corner. The leading term of such an expansion as one approaches the corner along the bisector of the angle (which we always do) is of the form cr p , where r is the distance from the corner, and p is a solution of the transcendental equation p ¡ 1 + sin ((p ¡ 1) ) sin = 0: (1.4) Assuming that the coe¯cient c is non-zero, the relevant solution is the one with smallest real part. From this equation, which has only real solutions for > c = 0:8128º = 146¯30 0 , it may be concluded that when the internal angle is greater than c the eigenfunction has no sign changes near the corner. Conversely as ! 0 both the real and imaginary parts of the exponent of the leading term in the asymptotic expansion grow without bound, implying that the eigenfunction oscillates with high frequency but is damped out quickly for small . Moreover, when we let s n be the distance along the bisector from the corner to the nth zero of u, where n increases with decreasing distance from the corner, then it follows immediately from the asymptotic expression that
as n ! 1; (1.5) where p = ¬ + i is the solution of (1.4) with smallest real part. Furthermore, when r n is the distance along the bisector to the nth extremum of u and t n is the magnitude of this extremum, it may also be shown that
as n ! 1. The rst goal of this research is to verify this behaviour for a sequence of domains which take the form of sectors of a circle with increasing arc length. In view of the above discussion and the data in table 1, it is clear that such a veri cation will require very high accuracy from the numerical methods used. This table presents the solutions p = ¬ + i of (1.4) as a function of , as well as the ratios e º = and e ¬ º = which appear in (1.5) and (1.6). These solutions of (1.4) are obtained by Newton's method with double-precision arithmetic. 
(b) Parity of eigenfunctions for non-convex domains
Our other main goal is to investigate the dependence of the parity of the eigenfunctions of problems (1.1) and (1.2) on the geometry of « . Given a domain « » 2 which is symmetric about some line (which, without loss of generality, we will choose to be the y-axis), it is known that the least eigenfunction of the Laplace operator, subject to zero Dirichlet boundary conditions, is always positive and of multiplicity one (Davies 1995) . Symmetry arguments now force it to be an even function of x. No equivalent result holds for the biharmonic operator. Indeed, it is the purpose of this work to demonstrate numerically that no such result holds for problems of the form (1.1) and (1.2) in arbitrary symmetric domains « . This is achieved in x 4 by considering a family of non-convex domains whose boundary is de ned by the closed curves
for c > 0 (see gure 1). Domain monotonicity arguments (Davies 1995) imply that the eigenvalues of the biharmonic operator increase as c ! 0 and converge to the eigenvalues of the same operator on the region associated with c = 0. This region is disconnected and its eigenvalues have multiplicity two. Variational considerations now show that for small enough c > 0 the low-lying eigenvalues occur in pairs, one associated with an even eigenfunction and the other associated with an odd eigenfunction. However, in the biharmonic case one cannot say which of these is the smaller on purely variational grounds. Indeed by monitoring the smallest two eigenvalues of (1.1) or (1.2) as functions of c, it may be observed that their paths cross on more than one occasion as c ! 0. Furthermore it is apparent that one of these eigenvalues corresponds to an even eigenfunction while the other corresponds to an odd eigenfunction, and consequently we observe that the parity of the least eigenfunction is not xed as a function of c. We again remark on the need for very high accuracy in our computational algorithms; this time in order to identify values of c for which the eigenvalue paths cross.
Numerical method
Given the above discussion, it is clear that our discretization scheme must be able to accommodate quite general domain geometries. For this reason we choose a numerical scheme which is based upon the use of conforming C 0 Lagrange nite elements (see, for example, Strang & Fix 1973; Zienkiewicz 1986 ) on some triangulation of the domain « . The particular method that we use is based on that of Ciarlet & Raviart (1974) .
Let H 1 (« ) represent the usual Sobolev space of L 2 (« ) functions whose rst partial derivatives are in L 2 (« ), and
Consider a family of regular and quasi-uniform triangulations, T h (where h is the diameter of the largest triangle), of the domain « (see, for example, Ciarlet 1978), then we may de ne the space
where P m (T ) is the space of polynomials of degree at most m over triangle T . From this we may de ne the following nite-dimensional subspaces of H 1 (« ):
Then the Ciarlet{Raviart mixed nite-element method approximates the solution u of (1.1) by the component u h of the solution fv
In this work we choose m = 3, i.e. piecewise cubic approximation, since such a discretization is known to satisfy the Brezzi stability condition (Brezzi 1974; Shaidurov 1995) and has the following asymptotic error property (Ciarlet & Raviart 1974) :
provided the solution u is su¯ciently smooth. Hence the trial functions v h and u h in problem 2.1 may be expressed as
where the ¿ j are the usual piecewise cubic Lagrange basis functions on T h (see, for example, Strang & Fix 1973; Zienkiewicz 1986) , and n i and n d are the number of nodes in the interior of « and on its Dirichlet boundary respectively. (We also use the convention that the interior nodes are numbered prior to those on the Dirichlet boundary.) This discretization leads to the following matrix problem:
ni£ni is a principal submatrix of M , K 2 ni£(ni+ nd) and K t is the transpose of K. The speci c entries of these matrices are given by
and the vectors v 2 n i + n d and u 2 n i denote the coe¯cients of v h and u h , respectively, in (2.2).
It may be observed that u and ¶ in (2.3) are generalized eigenvectors and eigenvalues, respectively, for the corresponding Schur complement problem:
In this paper we are typically interested in approximating the smallest eigenvalues of this problem and so make use of straightforward inverse iteration (as described in Golub & Van Loan (1989) , for example). Since the Schur complement matrix KM ¡1 K t is dense, whereas the matrix on the left-hand side of (2.3) is sparse, it is convenient to apply the inverse iteration to the latter system. This yields the following matrix equation at the (n + 1)th inverse iteration:
(2.5) When approximating the second smallest eigenpair, as in x 4 for example, this iteration is slightly modi ed by subtracting out the component of the smallest eigenvector from u n+ 1 at each iteration.
We solve the systems (2.5) using a direct sparse method based upon an initial block reduction followed by a sparse Cholesky factorization of symmetric positive de nite sub-blocks as described in Brown et al . (2000) . This permits reuse of the factorizations for the second and subsequent solves, which ensures that the cost of these is signi cantly less than that of the initial solution of (2.5). An additional advantage of a direct, rather than an iterative, method such as this is that it is possible to obtain highly accurate solutions: something that is required in both xx 3 and 4 below. To demonstrate the accuracy of this approach (both the discretization and the direct solution), we now present some typical numerical computations for a biharmonic eigenvalue problem which has been considered in some detail elsewhere (Bj½rstad & Tj½stheim 1999; Brown et al . 2000) .
Recall from x 1 a that in the neighbourhood of a corner with a su¯ciently small internal angle, the eigenfunctions for both problems (1.1) and (1.2) are known to change sign at an in nite number of points. In particular, when the internal angle = 1 2 º , the solution of (1.4) with smallest real part is 3:739 593 284 +1:119 024 8i (see table 1 ). It then follows from (1.5) and (1.6) that the asymptotic ratio of distances along the bisector of consecutive zeros and extremal points of the eigenfunctions should both tend to 16:567 428 as n ! 1. Also from (1.6) we see that the ratios between the magnitudes of consecutive extrema along the bisector tend to 36 267:550 as n ! 1. In recent years many authors have tried to verify numerically these theoretical results using a variety of computational techniques (see, for example, Bauer & Reiss 1972; Behnke 1996; Chen et al . 1991; Hackbusch & Ho¬mann 1980; Wieners 1996) . Since the oscillatory features occur very close to the corners and are damped out very quickly, most of these attempts have, due to discretization errors and numerical inaccuracy, failed to nd more than one sign change. A notable exception to this is the recent paper of Bj½rstad & Tj½stheim (1999) in which the authors report ve correct sign changes for the principal eigenfunction of problem (1.1) on the domain (0; 1)£(0; 1). This is achieved using a spectral Legendre{Galerkin method and by performing computations with quadruple-precision arithmetic.
In tables 2{5 we present some comparative numerical results of our own, obtained using the mixed nite-element method described above on three di¬erent meshes. In addition we contrast in the last column of tables 2, 4 and 5 the best results of Bj½rstad & Tj½stheim (1999) . (This paper does not present results for the positions, s n , of the zeros and so no comparisons are possible for these gures). It may clearly be seen that, for each of these meshes, we are also able to identify at least ve sign changes for the principal eigenfunction of (1.1) on the unit square. These calculations have been undertaken using double-precision arithmetic on one-eighth of the domain, using symmetries at x = 1 2 , y = 1 2 and y = x, and with heavy local re nement of the meshes near the corner (h º 10 ¡7 in the vicinity of the corner with a gradual transition to h º 10 ¡2 at the centre of the domain). The results are entirely consistent with the quadruple-precision results presented in Bj½rstad & Tj½stheim (1999) and with the predicted asymptotic ratios (1.5) and (1.6). This leads us to have a reasonable degree of con dence in the underlying numerical procedure that we use for the investigations undertaken in the following two sections.
Eigenfunctions on a circular sector
The purpose of this section is to extend the numerical studies in Brown et al . (2000) and Bj½rstad & Tj½stheim (1999) , which concern the behaviour of the principal eigenfunction of the biharmonic operator near the corners of a square domain, to the case of a general internal angle . This is achieved by considering a one-parameter family of unit radius circular sector domains, « , and applying to (1.1) the niteelement discretization de ned in problem 2.1. Recall from x 1 a that the oscillatory behaviour of the eigenfunction, u, near to a corner depends upon the internal angle through the imaginary part of a solution of equation (1.4). In particular, there is a critical angle, c , above which no oscillations are present. As usual all of our calculations are restricted to the behaviour of the eigenfunction on the bisector of the angle at the corner. In this study we examine in detail the behaviour of the oscillations in the principal eigenfunction as approaches c = 0:8128º = 146¯30
0 , but we also present approximation of the eigenfunction for other values of the angle .
It has already been demonstrated in x 2 that our nite-element discretization scheme is capable of producing the accuracy that is required to resolve up to ve sign changes when = 1 2 º , on the unit square, which is consistent with the best numerical results of which we are aware (Bj½rstad & Tj½stheim 1999) . Clearly, a key to obtaining results with this level of resolution near to the corner is the use of an appropriate triangulation T h . For the circular sector regions that we consider here we use a similar mesh generation strategy to that adopted for the one-eighth of the unit square in the previous section. This involves the creation of an unstructured mesh based upon polar coordinates centred at the vertex. When r is greater than some (very small) chosen value, » 1 say, the mesh is such that h º rh 1 , and when h < » 1 the mesh is approximately uniform. In this approach it is necessary to represent the circular arc by a piecewise a¯ne approximation of side length ca. h 1 . In order to obtain an idea of the magnitude of the errors resulting from such an approximation we choose to perform all calculations on two di¬erent polygonal domains: one domain containing the sector and the other domain contained by the sector.
It follows from the min{max principle that the mth eigenvalue of the di¬erential operator on the sector is contained between the corresponding eigenvalue on each of these computational domains. In addition to considering the errors that result from taking an approximation to the domain « , it is also desirable to have an indication of the errors associated with approximating the continuous operator by the nite-element discretization. In the numerical results that follow, the calculations for each di¬erent value of are presented for two di¬erent pairs of meshes of the type described above. Typically, the rst pair of such meshes has only about 30% of the number of degrees of freedom as the second. Hence, when intervals for the local zeros/extrema positions obtained on the ner pair of meshes are contained within those obtained on the coarser pair, we can have a reasonable expectation of the reliability of these calculations. Tables 6 and 7 show the computed values of s n and r n (n = 1; : : : ; 4), the positions of the zeros and extrema, respectively, of the rst eigenfunction of (1.1), for domains « with between 30¯and 140¯inclusive. In each case the numerical results quoted take the form of pairs of values corresponding to those calculated on the inner (bottom value) and outer (top value) polygons, respectively. It should be noted that, with one exception, each pair of values in table 7 lies between the corresponding values in table 6. While this proves nothing rigorous about bounds on the eigenvalue or the positions of the zeros and the extrema, it does provide a degree of con dence in the calculations. Furthermore, the one value (r 3 when = 120¯) for which there is any discrepancy between the two sets of results is clearly on the limit of our computational accuracy. Even in this case, however, all four estimates of this value agree to two signi cant gures and have an absolute di¬erence of less than 10 ¡9 . The results in tables 6 and 7 clearly show that, as the theory outlined above predicts, the frequency of the oscillations of the eigenfunction, u, decreases as increases. Table 8 further illustrates this point by presenting the ratios of the positions of consecutive zeros and extrema for the ne mesh calculations. This table also shows the known asymptotic limit for these ratios in each case. It is notable that these asymptotic ratios are remarkably well approximated even by the rst few ratios that we are able to calculate here. Furthermore, as approaches an angle of 140¯, it is clear that our numerical calculations are having great di¯culty in resolving even the second change of sign. This is to be expected since the solution of equation (1.4) with smallest real part is equal to 2:826 869 + 0:261 695i for this value of : hence, by (1.5) and (1.6), the limiting ratio of the position of consecutive extrema is equal to 163 533:23, while that of the magnitude of the extrema is 5:472 £ 10 14 . Given that r 1 is already very small and jt 1 j º 1:307 29 £ 10 ¡15 times the maximum magnitude of u, double-precision calculations could not reasonably be expected to locate the second extremum with any signi cant gures of accuracy. For this reason, in table 9 we are only able to present calculations of the location of the rst zero of u when considering values of greater than 140¯. The parameters used for the generation of the meshes for these calculations are » 1 = 5 £ 10 ¡10 and h 1 º 0:16, which, in principle at least, allow us to observe a sign change at a distance of O(10 ¡11 ) from the corner. In practice, however, we are unable to detect the rst change in sign when = 145¯and = 146ū sing such meshes. Nevertheless it is clear that these simple calculations do verify the theory which predicts the loss of oscillations at some critical angle c , even though we are unable to accurately determine a value for c using these meshes. In the presented numerical results it has been possible, for the rst time of which we are aware, to verify a number of theoretical asymptotic results concerning the existence of nodal lines in the vicinity of a corner with arbitrary internal angle . Furthermore we have computed, with some con dence, estimates for the exact locations of zeros and extrema of the principal eigenfunction for a number of di¬erent values of . More comprehensive results, including those for the buckling plate problem (1.2), can also be found in Mihajlović (1999) . In the following section we move on from providing numerical veri cation and extensions of known analytic results to demonstrate that numerics can also give some insight into problems for which there are no theoretical predictions.
Parity property of eigenfunctions
In this section we again consider problems (1.1) and (1.2) but now on another family of domains, « c say, which are de ned as the regions bounded by the curves (1.7) for c > 0. We are particularly interested in the behaviour of the eigenfunctions which correspond to the smallest eigenvalues as c ! 0. In this limit the connected domain « c tends to a disconnected domain which is symmetric about the y-axis. It follows therefore that each eigenvalue must have an even multiplicity and, in particular, the smallest eigenvalue will be repeated. When c > 0, but small, therefore, we expect the eigenvalues of the biharmonic operator to occur in distinct pairs (i.e. there will be a small gap between the (2k ¡ 1)th and the 2kth eigenvalues for positive integers k). The same argument holds when considering the Laplacian eigenvalue problem on « c , subject to zero Dirichlet boundary conditions. Indeed, it is known that for this second-order problem the eigenfunction corresponding to the lower eigenvalue in each pair is always an even function of x while the other eigenfunction in the pair is always odd. No such result is known in the case of the biharmonic operator, however. In table 10 we present numerical evidence that such a result is false. This is achieved by demonstrating that branches of the two least eigenvalues (corresponding to eigenfunctions of di¬erent parity), viewed as functions of c, appear to cross on more than one occasion as c approaches zero. The results presented have been calculated using the same piecewise cubic mixed nite-element method described and used in the previous sections. In practice our computations were performed on a discretization of « c in which the curved boundary is represented by an interpolating polygon. Since our motivation here is primarily to nd an example in which the parity of the eigenfunctions changes with the domain geometry, this approximation is of no signi cant consequence. We again make use of unstructured meshes of triangles in the interior of the domain and use N to represent the total number of degrees of freedom in the nite-element approximation. For each value of c, calculations were performed on a sequence of meshes with di¬erent numbers of triangles. Only the results of computations on the nest meshes are presented in table 10; however, an indication of the reliability of these gures is given by comparison with the corresponding calculations on coarser meshes. In particular, table 11 gives the relative di¬erences (as percentages) between consecutive ratios ¶ even = ¶ od d computed on four di¬erent meshes for each value of the parameter c. In table 11, N i (i = 1; : : : ; 4) denotes the total dimension of the linear system arising from the four di¬erent discretizations of the domain, and¯(%) stands for the relative di¬erence in the ratios ¶ even = ¶ od d computed on consecutive meshes. It is reasonable to expect that our results are reliable if this relative`error' decreases (and becomes su¯ciently small) as the mesh is re ned. As we can see from table 11, this is the case for all meshes and all values of the parameter c considered.
Table 10 clearly shows that, for our nite-element discretization at least, there are indeed values of c for which the branches of the two smallest eigenvalues cross. Inspection of the corresponding eigenfunctions demonstrates that one of these functions is always even and the other is always odd: we refer to the associated eigenvalues as ¶ even (c) and ¶ od d (c), respectively. Further numerical computations on a sequence of coarser grids (Mihajlović 1999) suggest that as the mesh size h is reduced, the locations of these crossing points remain stable and the di¬erence between ¶ even (c) and that it may be used both to verify existing asymptotic results and to allow new conjectures to be made about the behaviour of their eigenfunctions. An outline of the nite-element implementation is given in x 2, with complete details available in Brown et al . (2000) . Veri cation of the accuracy of this approach is provided by comparison with known analytical results applied on a unit square domain, along with the recent high-precision numerical results (calculated using an entirely di¬erent discretization scheme) that appear in Bj½rstad & Tj½stheim (1999) .
An advantage of the mixed nite-element method used in this work is that it may easily be applied on unstructured grids of triangles, T h , and therefore on arbitrary polygonal domains in 2 . We have made use of this fact to investigate the spectral properties of the biharmonic operator on two further geometries: sectors of the unit circle and a family of non-convex domains. Furthermore it is possible to generate meshes for which the degrees of freedom in the corresponding piecewise cubic trial spaces are not uniformly distributed throughout « . Where appropriate, this allows us to obtain a greater resolution of the eigenfunctions in those regions in which we wish to focus, without a¬ecting either the dimension or the sparsity of the discrete linear system (2.3).
The results presented in x 3 are in agreement with the asymptotic theory that appears in Blum & Rannacher (1980 ), Co¬man (1982 , Kondrat'ev (1967) and Kozlov et al . (1990) , and also provide quantitative estimates of the positions of a number of sign changes and extremal points for various values of the internal angle . In x 4 we extend the numerical investigation further by considering a family of problems for which the eigenfunctions have signi cantly di¬erent qualitative properties. This has led to evidence that, unlike the Laplace operator, the parity of the least eigenfunction of the biharmonic operator can change as the domain is deformed.
The unstructured nite-element approach that we have used in this work may also be applied to further problems in this area. Clearly, it is possible to investigate the spectral properties of the biharmonic operator on a greater variety of geometries in two dimensions, and subject to a wider variety of boundary conditions. This would include, for example, further studies in the circular sector domains for very small angles . Perhaps more interestingly, however (and certainly more computationally demanding), would be extensions to higher-order operators and/or larger numbers of dimensions.
We conclude this paper by noting that none of the computational results that are presented here provide rigorous information about the eigenfunctions considered (although the apparent mesh convergence observed is certainly a strong indicator). It would be interesting therefore to attempt to obtain provably correct bounds for certain quantities associated with the eigenvalues and eigenfunctions of the biharmonic operator on the regions considered. Weiners (1996) , for example, has made a start on this problem by computing enclosures for the rst eigenfunction in the neighbourhood of a corner of the unit square. This involves computing estimates for the Sobolev embedding constants, which in turn requires an upper bound for the defect of the eigenfunction. He is able to show that the defect is less than 0:000 000 893, which is su¯ciently accurate to allow him to conclude that the rst eigenfunction changes sign. Since the estimates of the amplitude of the second and higher sign changes that we have found are considerably smaller than for the rst, new methods are likely to be required in order to compute the defect with su¯cient precision.
